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Abstract-The finite element method of structural analysis is applied to the nonlinear problem of stationary
creep bending of thin plates. The finite element formulation is derived from a variational theorem analogous to
the theorem of stationary potential energy and results in a set of simultaneous nonlinear algebraic equations
which are solved using the Newton-Raphson method.

Two fully conforming refined plate elements, a six degree of freedom annular element and an eighteen degree
of freedom triangular element are adapted for use in the solution of stationary creep problems. Examples con
sidered are simply supported circular plates under a uniform load and a point load and a uniformly loaded
simply supported square plate.

1. INTRODUCTION

THE simplifications resulting from the assumptions of small deformations and stationary
creep, that is creep under a constant state of stress, have allowed a number of closed form
and numerical solutions to a variety of creep problems. Wahl has considered for example
the creep of rotating discs using several creep laws modelled on the theory of plasticity
[1-3]. Similarly Venkatraman and Hodge [4,5], using a maximum shear stress flow law
have obtained solutions for the stationary creep of uniformly loaded simply supported
and clamped circular plates, These plate problems have been solved as well by Odqvist [6]
and by Bentson et al. [7] using a variational method. Solutions for compressible circular
and annular plates have been obtained by Patel et al. [8,9] and solutions for cylinders and
spheres subjected to internal pressures are easily obtained [10,11].

It is apparent that almost all the problems for which solutions have been obtained
exhibit a very high degree of symmetry and even with this simplification it is in general
necessary to resort to either numerical methods to solve the governing differential equations
directly or to use classical variational methods. The application ofthe finite element method,
which is particularly suited to problems with complex geometries and loadings, is there
fore a natural extension.

This paper outlines a procedure [12] in which the problem of stationary creep of thin
plates is cast in a finite element form using the creep analogue of the theorem of stationary
potential energy. The resulting nonlinear algebraic equations are solved using the Newton
Raphson method. Two high precision plate elements are used, a six degree of freedom
annular element for axisymmetric problems and an eighteen degree of freedom triangular
element. Several example problems are solved.
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2. CREEP MODEL

Although the method described here is not restricted to the use of any particular creep
law, the remainder of the development is based on the following creep law given by Odqvist
for an incompressible isotropic material.

(1)

This is a three dimensional generalization of the Norton power law model for uniaxial
creep. The components of the rate of deformation tensor eij referred to a Cartesian co
ordinate system are given in terms of the velocity Vi by

l(OV. OV.)
eij = :2 ox: +0< .

The components of the stress deviator tensor in terms of the stress tensor are

Sij = (Iij -1«Ikk)~ij

with the invariant S defined by

The quantities (In and n are material constants and en is an arbitrary standard constant
equal to the strain rate of a uniaxial specimen under a stress (In'

For a material having the constitutive equation (1), the work function

described by Hill [13] is given by

__n_ (!!-) (n + 1lin
U - 1en(lnn+ en

where the invariant e is defined as

e = .JHeijei)'

Furthermore for quasi-static creep of a body of volume V with prescribed surface tractions
1; on part ST of the surface, prescribed velocities Vi = V; on part Sy of the surface and a
body force Fdunit volume, the functional

evaluated over the set of all velocity fields satisfying the velocity boundary conditions on
Sy has a stationary value for the actual velocity field in the body [6]. This theorem which
is analogous to the theorem of stationary potential energy in the theory of elasticity is
used here as a basis for the finite element creep model.

Consider now an initially flat plate of thickness 2h, whose middle surface coincides
with the xy plane of a Cartesian coordinate system. Denoting by w the velocity of the
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middle surface in the z direction, the usual assumptions of small deflection thin plate
theory and the assumption of material incompressibility give

wheret

(2)

is called the curvature rate invariant. For a plate acted upon by a distributed load qo(x, y)
in the z direction the functional n takes the form

where

__n_ (~) (1 +n)/n
U(K) - 1KnMn ,

n+ Kn

and

M = 2nunh
2

n 2n+l·

The moment--eurvature rate relations associated with the constitutive equation (1) are

and

3. FINITE ELEMENT FORMULATION

In this section the equilibrium equations for an arbitrary single plate element referred
to a local coordinate system are derived. The equilibrium equations for each element may
then be transformed to a common global coordinate system and assembled in the usual
manner [14] to give the equilibrium equations for the complete structure. The kinematic
boundary conditions are then applied and the set ofalgebraic equations solved for the nodal
velocity vector.

t The subscripts x and y on w, and on cP later in the text denote partial differentiation.
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Consider a typical element referred to a local Cartesian coordinate system. The dis
tribution of the velocity in the z direction is approximated by

w = {</.J(x,y)V{a} (3)

where the vector {a} is a vector of generalized velocities and the elements of the vector
function {</.J} are polynomials in x and y. The nodal velocity vector {w} has as elements
the velocities and spatial derivatives of velocities at the element nodal points. The vectors
{w} and {a} are in general related by

rn ~ [T](a}
(4)

where depending on the particular type of element considered it may be necessary to add
a number of constraint equations on the elements of {a}, as shown, in order to enforce
continuity of velocities and the normal derivative of velocity across element boundaries.
Inverting equation (4) gives

with [T1J consisting of the first m columns of [Tr 1 where m is the dimension of {w}.
With this approximation for the velocity distribution within a typical element, the

curvature rate invariant may be expressed as

where the symmetric matrix [BJ is equal to

The domain of the functional n for a typical element is considered to be the set of all
velocity fields of the form (3) and which also satisfy the kinematic boundary conditions. The
first variation of the functionaln for an element loaded by a distributed load qo(x, y), is
then equal to

bn = b{wV[k]{w}-b{wV{p}

where

(5)

is called the creep stiffness matrix and

is the consistent load vector for a distributed load on the element.
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From the variational principle stated in Section 2 the element equilibrium equations
are obtained. Assembling these in the usual manner gives the equilibrium equations

[K]{W} = {P} (6)

[K] + [G]

for the complete plate.
The stiffness matrix in equation (5) differs from that for the analogous incompressible

linear elastic plate element by the factor (K/K")(1-")/" in the integrand. That is, for the creep
problem, the so called creep stiffness matrix is itself a function of velocity. The equilibrium
equation (6) is therefore nonlinear and cannot be solved by a simple matrix inversion.

The Newton-Raphson method was used in this analysis to solve the nonlinear equi
librium equations. This procedure is now briefly outlined.

Consider the vector function
{F} = [K]{W}-{P}.

Expanding {F} in a Taylor series about an approximate solution {Wo} gives

{F(Wo+AW)} = {F(Wo)} + [~{{F}}] {AW} +higher order terms in {AW}. (7)
u W W=Wo

It follows from equation (5) that the gradient matrix is given by

o{F}
o{W}

where the matrix [G] is obtained by assembly of the matrix

for each element in the same manner that the assembled stiffness matrix [K] is formed.
Neglecting the higher order terms in equation (7) gives the Newton-Raphson iteration
formula at the (m+ 1) st iteration.

{W}m+ t = {W}m +([K] + [G])'; l({p} - [K]m{W}m)'

The solution procedure adopted was as follows. For a given plate geometry and loading
the linear problem was solved, that is with n equal to 1. The velocity solution obtained was
then scaled by a factor l/f, the result being used as the starting point in the search for the
solution to the same problem but with n equal to two. Proceeding in this manner the
solutions corresponding to an ascending sequence of values of the creep exponent n were
obtained. The factor l/f used was determined for a particular problem on the basis of prior
estimates for the maximum velocity in the plate and was chosen such that the maximum
velocity in the distribution used as a starting point, was of the same order of magnitude as
the estimated maximum velocity.

4. ANNULAR PLATE ELEMENT

A six degree of freedom high precision fully-conforming annular plate element was
derived for the solution of axisymmetric creep bending problems. The element nodal
velocity vector is
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where the subscripts 1 and 2 denote the inner and outer edges of the element, respectively.
The velocity function associated with the element is taken to be a complete fifth order
polynomial in the radius r. The six polynomial coefficients match the number of nodal
degrees of freedom and the derivation of the transformation matrix [T1] and the matrices
[k] and [g] proceeds as described in Section 2. A more detailed description is given in
Ref. [12].

To obtain a circular element the inner radius is set to zero and the condition of zero
slope at the plate centre applied.

The integrations over the element area, which are required in the calculation of the
matrices [k] and [g] must be performed numerically. The results presented in this paper
were obtained using the four point Gaussian Quadrature Formula.

5. TRIANGULAR PLATE ELEMENT

A triangular plate element was used to obtain stationary creep bending solutions for
plates with more complex geometries. The element chosen was the eighteen degree of
freedom fully conforming plate element developed by Cowper et al. [15, 16].

The element is referred to a local Cartesian coordinate system with the x axis co
inciding with one edge of the element and the y axis passing through the third vertex. The
degrees of freedom at each of the vertices are w, wx ' wy , Wxx ' wxy and Wyy • The velocity
distribution within the element is taken as a restricted quintic polynomial.

Two constraint equations result from conformity requirements on the normal derivatives
of velocity along the element edges thus reducing the number of independent polynomial
coefficients to eighteen.

The formulation of the stiffness matrix and the matrix [g] for this element proceeds as
described in Section 2. A more detailed discussion is found in Ref. [12].

The numerical integrations required during the calculation of [k] and [g] were per
formed using a 13 point Gaussian type integration formula for triangular regions. This
formula which was derived by Cowper [17], is exact for polynomials of seventh order in ~

and '1.

6. DISCUSSION

The finite element method de~cribed here for the creep bending analysis of thin plates
was used in the solution of several example problems. Among the problems solved were a
simply supported circular plate under a uniform load and a point load, and a simply
supported uniformly loaded square plate.

The finite element solution for the uniformly loaded circular plate problem was ob
tained using the annular element described in Section 4. Four elements were used with the
element boundaries at ria equal to 0·25, 0·5, 0·75 and 1·0. A summary of the maximum
values for velocity and bending moment is given in Table 1 for values of n from 1 to 9.
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TABLE I. UNIFORMLY LOADED SIMPLY SUPPORTED CIRCULAR PLATE

At centre

W (6M)" 6M,
n

K na2 qoa; qoa2

1 0·25781 1·31250
3 0·23618 1·12936
5 0·20552 1·06117
7 0·17650 1·02628
9 0·15076 1·00533

297

Patel et al. [9] have used an iterative procedure to solve the differential equations for
this problem with an equivalent creep law. With n equal to 3, 7 and 15 (their v = !,
m = 1,3, 7) the finite element solutions for both velocity and bending moment were found
to agree to four figures with the tabulated solutions of Ref. [9].

Figures 1 and 2 give the results for the point loaded circular plate. A much finer grid
work was used because of the large curvatures in the vicinity of the point load. The element
boundaries are indicated in Fig. 1.

The only other solution which could be found for this problem is that obtained by
Malinin and reproduced by Kachanov [18]. Malinin used the Ritz method with an assumed

ELEMENT BOUNDARIES

0.24

FIG. 1. Velocity distribution, simply supported circular plate under point load.
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FIG. 2. Bending moment distribution, simply supported circular plate under point load.

velocity distribution of the form

where W 1 is the displacement solution for the corresponding incompressible Hookean
elastic plate. Thus the solution obtained is exact only for n = 1 and provides only a rough
approximation to the velocity solution as n becomes larger than one. For example with
n = 3 the finite element solution obtained here gives the velocity at the centre as

W = O'197Kna2(2:~J 3

whereas Malinin indicates a value of the order of

O'15Kna2(2:~J3.

The bending moment curves obtained for this problem are found to exhibit cusps at
the element nodal lines since the annular element used ensures continuity of the second
order derivatives of velocity at nodal lines while higher order derivatives may be dis
continuous. The cusps are most apparent in the vicinity of the point load and become
more severe as n increases.

The uniformly loaded simply supported square plate problem is presented here as an
example of a creep problem which by direct methods is intractable. Classical variational
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methods may be used, which according to Rabotnov [19J has been done by Kachanov for
rectangular plates. A solution using Reissner's variational principle has been obtained by
Ranlet [20].

Four gridworks, shown in Fig. 3, were used in the finite element analysis. Convergence
in velocity was obtained with the 16 element representation of one eighth of the plate, with
the convergence in bending moments being somewhat slower, as expected. The maximum
values obtained for the velocities, bending moments, and twisting moment are given in
Table 2, for values of n from 1 to 9. The distributions of these quantities are given in
Figs. 4--6, along with the solutions obtained in Ref. [20J for n equal to 1 and 3.

(0)

-'-

(c)

(b)

{dl

FIG. 3. Element gridworks for square plate.

TABLE 2. UNIFORMLY LOADED SIMPLY SUPPORTED SQUARE PLATE

n

At plate centre

W (20Mn)n
/CnL

2 qoL 2

At comer

1
3
5
7
9

0·060935
0·039845
0·025379
0·016108
0.()10224

0·041438
0·035829
0·033840
0·032850
0.Q32262

-0·0174713
-0·0172597
-().0172847
-0·0172980
-0.()173044
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FIG. 4. Velocity along x/L = 0·5, simply supported square plate under uniform load.
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FIG. 5. Bending moment along x/L = 0·5, simply supported square plate under uniform load.
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FIG. 6. Bending moment and twisting moment distribution, simply supported square plate under
uniform load.

It is observed that there is rough agreement between the results of Ranlet and the finite
element solution. For example with n equal to 3 the difference in velocity solutions at the
centre is about 8 per cent and in the maximum bending moment, 17 per cent. The dis
tributions for bending moments and twisting moment differ significantly. However the
results of Ref. [20] were obtained using very simple shape functions for velocity and bending
moments and even for the linear problem, n = 1, the solution differs from the exact solution
by 4 per cent in velocity and 12 per cent in bending moment at the plate centre. In contrast
the maximum velocity obtained by the finite element method agrees to six figures with the
exact solution and the maximum bending moment differs by less than 0·01 per cent. It
may be argued therefore that for n other than 1 the finite element solutions are likely to be
in closer agreement to the real solution.

The finite element solution for the bending moments exhibits some cusping, becoming
more severe as n increases. In addition the bending moments along the centreline are
found not to be zero at the plate edge, for n > 1. Plots of bending moment vs. y along any
other line x = 0 were found to be well behaved with both bending moments remaining
positive and becoming zero at the edge. The problem along the centreline results from two
factors; the form of the moment-eurvature rate relations and the fact that since the finite
element model is derived from a kinematic variational principle, only kinematic boundary
conditions are satisfied explicitly. Thus the boundary condition Wyy = 0 along y = 0, will
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be satisfied only in the limit as the element gridwork is refined. For the 16 element gridwork,
with n = 9, the maximum value of W yy along the edge is less than 1 per cent of the value
at the plate centre so that this condition is essentially satisfied. Furthermore it is found that
along the centreline, for the larger values of n, curves of W xx and W yy vs. Y, tend to become
tangent to the y axis near the origin.

Consider now the expression for the bending moment My which along the centreline
becomes

(8)

since wxy is zero. As y becomes zero, Wxx and W yy which are of the same order of magnitude
both approach zero. Thus the last two terms in equation (8) behave like w;~n as W yy -> o.
Clearly a small absolute error in W yy can result in a much larger error in the bending
moment, the error increasing as n increases. This is a very localized disturbance however
and away from this region the relative errors in the curvature rates become much smaller
resulting in an even greater decrease in the relative error in the bending moments for
n > 1. This characteristic of the finite element bending moment results could be eliminated
by use of a model based on the complementary variational principle for stationary creep
[6J, however for problems where creep deflections and creep velocities are of primary
interest the kinematic model is preferred.

Additional errors in the finite element solution arise from the use of numerical in
tegration in calculating the creep stiffness matrices. However the excellent agreement found
between the results of Ref. [9J for the uniformly loaded simply supported circular plate and
the finite element solution obtained here using only four elements with a low order inte
gration formula indicates that the use of higher order integration formulae, with a resulting
increase in computation time is not warranted.

Although the presentation here is limited to thin plate bending, the method is equally
applicable to three dimensional problems. The method provides a versatile and easily
applied approach to obtaining numerical solutions to stationary creep problems with
complex geometries and loadings.
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A6cTpaKT--npHMeHHeTcH MeToa KOHe'lHOrO 3neMeHTa aHanH3a KOHCTpyKQHH anH HenHHeHHOH 3a,I:\a'lH
cTaLIHoHapHoH non3y'lecTH npH H3rH6e TOHKIfX nJlaCTHHOK. OnpeaeaHeTcH (jloPMYJlHpOBKa KOHe'lHOrO
JJleMeHTa, HCXO,I:\H H3 BapHaLIHoHHoH TeopeMbl no aHaJlOrHH KTeopeMe MH cTaLIlfoHapHoH nOTeHLIHaJlbHOii
JHeprlflf. B pe3YJlbTaTe nOJly'laeTcH CHCTeMa COBMeCTHblX HeJlIfHeiiHbix aJlre6paH'IeCKHX ypaBHeHHH,
KOTOpylO pewaeTcH MeToaOM HbIOToHa-Pa(jlcoHa.

C LIeJlblO nOJIy'leHHH peweHHH 3a,I:\a'l CTal.)lWHapHOH nOJl3y'leCTH, npHMeHHIOTCHaBa nOJlHO COOTBCT
cTBylOume BbIaeJleHHbIe 3neMeHTbI nnaCTHHKH, KOJlbLIe06pa3HbIH 3neMeHT wecToH CTeneHbI cB060abI H
TpexyronbHbIH JneMeHT BOCeMHa,I:\LIaTOH CTeneHH CB06o,l\bl. B Ka'leCTBe npHMepOB o6cYlK,I:\aIOTCli cB060,l\HO
onepTbIe KpyrnbIe nnaCTHHKH, no,l\ BnHlIHHeM nocTOllHHOH Harpy3KH H Harpy3KH B TO'lKe H cB060,LIHO
onepTall, nOCTOllHHO HarpYlKeHHali KBa,l\paTHali nnaCTHHKa.


